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1. GLOBAL POSITIONING SYSTEM
1.1. Accuracy

1.2. Integrity

Navigation system integrity [5] refers to the ability of the system to provide timely warnings to
users when the system should not be used for navigation.

RAIM: receiver autonomous integrity monitoring.

1) Does a failure exist? 2) If so, which is the failed satellite?

Failure here is defined to mean that the solution of horizontal radial error is outside a specified
limit, which is called “alarm limit”.

1. Basic sanpshot RAIM schemes
Y=GTtrue + € (1)

where y is the difference between the pseudorange and the predicted range;
Tirue 1S true position deviation from the nominal position plus the user clock bias deviation;
€ is the measurement error vector.

Example 1. Range comparison method

Solve four equations; the resulting solution is then used to predict other measurements; com-
pare them with the actual measured values for residuals. If residuals are small, then “no failure”;
otherwise, “failure”.

Example 2. Least-squares-residuals method

s = (GTG)~'GTy (2)
predict the six measurements
Ypred = GT1S (3)
the residual is
W=y = Yprea = (I — G(GTG)'GT)y (4)
the sum of squared errors is
SSE = w’w (5)

normalize SSE as the test statistic 1/SSE/(n —4).

Example 3. Parity method
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1.3. Continuity

1.4. Availability

2. INERTIAL NAVIGATION ALGORITHM

2.1. INS Mechanization

2.1.1. Golden rule

Velocity in e frame,

al
de|,
Golden rule,
dr dr
| =_— X
qt|, "), T
Acceleration measurement,
d?r
T . f+g
Acceleration in i frame,
dv, dve
= X
v |, av |, T e
2.1.2. Velocity update
e Velocity in i Frame
dr dr
T i:a e—l—wiexr:ve—i—wie X T
Take the derivative on both sides,
Pr| _dve| , d(wiexr)
dt?|, dt|, dt i
Because
d(wie X 1) dwie dr
& |, T aw |, e,
= 0X 7+ wie X (Ve + wie X 1)
= Wie X Ve + Wie X (Wie X 1)
Then
dve| _ d’r|  d(wiexr)
v |, — dt?|, e |
= f+gf (wie X Ve + Wie X (wie X T))
= [ —Wie X Ve+ (9 — wie X (wie X T))
= f—WieX v+ g
Projected into i frame,
%i: f"'—w'ini-i-gi
dt ie e l

Cof® = wie x v+ gl

e Velocity in e Frame

(10)

(13)
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Using Golden rule,

ffwiex

Projected into e frame,

dve
dt

e Velocity in n Frame
Using Golden rule,

dve

&,

[ — Wie X Ve +

dve

dt

dve

dt
Projected into n frame,

n

dve
dt |,

Updated velocity
v (tk)

ve (te—1) + A

where

A’U}L (tk)

Q

By definition,

—(0.5¢k x )

= fn—
= Cpf'-

Ug(tk—l)"’l

I1-05

dve

__dve
de |,

|,
dve
dt |,

+ Wie X Ve

ve+gl + Wie X Ve

dve

Re = f*2&]iexve+gl

= fe—
Cif*—

2wie X ve + gi

2wie X ve + gi (16)

dve
dt |,

dve
dt |,

—+ Win X Ve

qi + Win X Ve

[ — Wie X Ve + gi — (Wie + Wen) X Ve

f - (2wie + Wen) X Ve + gi

e

(2wt +wl) x vl + gi*

(2wl 4+ wd) x v + g

tr tk

(9" = (2wie + wen) x ve')dt

CP(t) fo(t)dt + /

k—1 te—1

’U}L(tk) + A/U;l/cor(ﬁk)

/ " o) ey
/ o

Cn(t)

(tr—1)

(19)

n(t)
(tr—1)

1 b 1
ngik g )C (tk )fb( #)dt

/ U po ) e

te—1
l:L((t: 1))A’Uf (tk)

n(tk 1)
b(tk 1

(I = (0.5¢k x)) (20)

0 —¢l2]
Cr[2] 0
—Cr[1]  Cx[0]
0.5Ck[2]

1

—0.5¢x[0]

Crl1]
—Cx[0]
0

—0.5Ck[
0.5¢x[0
1

1
—0.5¢k[2]
0.5¢x[1]

1]
] (21)
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Also we have
Cr = [wit+whlk—1/208 (22)
Ce = By(—p—7/2)R(})
—sinpcosA —singsin\  cosp
= —sin\ COSA 0 (23)
—COoSECosA —cospsin\ —sing
We = 7.2921151467 x 10~°rad /s (24)
wh = (00 we )T (25)
wie = Clwie
= (wecosp 0 —wesing )T (26)
Acosp
w(?n = _Qb
f).\sincp
vg/(Rn+h)
= —UN/ (RM + h) (27)
—vgtany /(Ry + h)
a
Ry = —— 28
N (1 — e2sin2p)'/? (28)
a(l—e?)
Ry = ———— 29
M (1 — e2sin2p)3/2 (29)
a = 6378137.0 (30)
a—b
f = a
= 1.0/298.257223563 (31)
Extraploating the position,
tr_1)At
hy—1/2 = hk%*% (32)
e(k—1 e(k—1 n(k—1
qn((kfl)/2) = qn((kﬂ))*qn((kq}z)
e(k—1/2 k—1/2 k—1
qn((kfl//2)) = q:((kfl)/ )*qrel((kq)/z)
e(k—1/2 e(k—1 n(k—1
= qe((k—l)/ )*(qn((k—l))*qn((k—I}Q)) (33)
gy, in terms of latitude, longitude, and altitude:
cos(—— —%)COS(%)
fsm(f—ff)sin(%)
I = (34)
T © A
51n(—z—3)cos(3>
cos(f%f§)sin(%)
where longitude, A, is ranged between(—, 7], latitude, ¢, is ranged between [f%,g]
when A=,
0
—sin(—2 %
@ = 0 :) (35)
cos(~T—£)
T q2
= 2x| —— —arctan| —— 36
o = 2o -)) @



NaviGgaTioN

when = g,

0
. sin(%)
—cos(%)

0

A= 2*arctan<—2)

q3
otherwise,
A = 2*arctan<%)
q1
™ g3
= 2% —— —arctan| =
o = 2 -uern(2))
where

cos||0.5¢k—1/2||

q”(k_l) = 0.5¢
n(k—1/2) Wi;z“sinﬂo.f)clgfuzﬂ
1 cos|[0.5&5 12|l
e = 0.5, _ .
(k—1) 7msmno.5§k7uzll
Co-1/2 = win(th—1)Aty/2
§h—1/2 = wieAty/2

Extraploating the velocity,
Av(tk—1) = Avf(te—1) + Avg)cor(te—1)
1
v (tp—1/2) = U?(tk71)+§ﬁ’l}3(tk71)

1
= v (tu—1) + 5(Avf (tk—1) + Avgyeor(ti—1))
Velocity correction of the gravity and coriolis terms,

A,U;FL/COr(tk) - [gf7(2w£+wlcfln)xv:]k—l/QAtk
g = (00 g)"

g = go(1+5.27094 x 10~ 3sin%p + 2.32718 x 10~ ®sin*p) — 3.086 * 10~6h
Since we have
Coiy ™~ T+[26() x]

AG(t) = / t Wb (t)dt
Av(t) = t fo(t)dt

the—1

Ae(tk_l) = Av(tk_l) 0

(37)

(39)

(40)
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where
tr
Avk(ty) = / Ut o() e
tr—1

~ ﬂ t (I+[A0(1) x]) fH(t)dt

Y / " A0 % f())dt
tr—1 th—1
23

= Au(ty) + /t (A6() x fo(t))dt (54)

k—1

Furthermore,

AO(t) x fo(t) = AO(t) x Av(t)

AO(t) x Auv(t)) — AO(t) x Av(t)

= =~ 2(A0(t) x Au(t)) +%(A9(t) X Av(t) + AB(E) x Av(t)) — Ad(t) x Av(t)

1

dt
%(Ae(t) X Av(t)) + L (—Ad(t) x Av(t) + A6(E) x Ad (1))
d

(AB(t) x Av(t)) +=(Av(t) x AO(t) + Ab(t) x Av(t))

= Z—(AG(t) x Av(t)) +=(Auv(t) x wh(t) + AB(t) x fo(t)) (55)

2| = | = o

Then
/ttk (AO(t) x fo(t))dt = %(Aé‘(tk) X Av(t) — AB(tg—1) X Av(tg—1)) +

%/t:kl(m(t) x Wh (1) 4+ AB(t) x fo(t))dt

= S(6(1) % Av(ti) +

23
% / (Av(t) x wh(t) + AO(t) x fo(t))dt (56)
tk—1
Assuming the angular velocity and acceleration are linear during tx_1~tx and tg_o~tg_1,
wh(t) = a+2b(t—tp_1) (57)
fo(t) = A+2B(t—ty_1) (58)

Using angular velocities and accelerations to resolve the coefficients,

tk
Ab(ty) :/ Wb (t)dt
th—1

= / " (a+2b(t —tr_1))dt (59)
Aoty = [ P
— /tk (A+2B(t —ty_1))dt (60)

Plugging into the integral above,

1

5[ " Au(t) x why(t) + A0(E) x F(E)dt — %(Av(tk_l) X A0 (ty) + AO(te—1) x Av(ty))  (61)
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Summary of veloctiy update,

tr tr
() = orten)+ [ Cp) P+ / (g — (20 + W) x vt

tre—1 th—1
= v (tk—1) + Avf(tr) + Avgcor(tr)
U (t—1) + (I = (05 X)) Oy =Y Avf(ta) + Avgcor(te)

Q

tr

Q

te—1

0P(tg—1) + (I — (0.5¢k X ))cgjggiklg><Av(tk) + /

= v (te—1) + (I — (0.5¢k % ))Cﬁgik;)><m(tk) + (%(Ae(tk) x Av(ty)) + % /

wiv(t) + A0(t) x f b(t))dt> ) + Avgcor(th)

Q

AO(t) + AB(te 1) x Av(tk»)) g — (2 el X 012

2.1.3. Position update

Position in n frame,

Ry +h 0 0 Un
7= 1 ve |=D"tom
(RN + h)cosep
vd
0 0 -1
1
Ry +h 0 0
r(t = r"(tg) += __r v (tg) + v (¢ At
(tk+1) (tr) +5 0 e (ve' (tk) + ve' (tr+1))
0 0 -1 1
k-3

2.1.4. Attitude update

Quaternion in terms of Euler angle (ZYX):

Rotating with Z axis, ¢ =0=0, quaternion representation: g, = cos% — ksin%
Rotating with Y axis, ¢ =% =0, quaternion representation: gy= cosg — jsing
Rotating with X axis, ¥ =60=0, quaternion representation: g¢4= cos% — isin%

The whole ratation is then, g = qsqoqy

COS%COS%COS% + sin%singsin%
Z; B sin%cosgcosg — cos%singsin%
Zi Cos%singcos% + sin%cosgsin%
cos%cosgsin% — sin%singcos%

DCM in terms of Euler angle

cosfcosyy —cosgsiny + singsinfcosyy  singsiny + cos¢sinfcosy
Cl'=| cosfsiny cosgcosty + singsinfsiny —singcosy) + cosgsinfsiny
—sinf singcosf cospcost

(Ae(t) X fb(t))dt> + Av;/cor(tk)

th—1

(Av(t) x

W (t1) + (I — (0.5¢, ))c;}ijll))(m(tk) + <%(A9(tk) x Av(t)) + 75 (Av(ti 1) x

(62)
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DCM in terms of quaternion

) A+aé-G—ai
Co=| 2(q293+ q194)
2(q294 — 0193)

Euler angle in terms of DCM

2(q2q3 — q194)
Gd-G+a—ai
2(q3g4+ q192)

_1sinf
cost
-1 —C31

tan

tan

fan—1 510
cos¢
n_lg
€33
fan—150%
cosy
n’12
11

ta

ta

The approximation of DCM with small angle

1
Cﬁa = 71/},304

wﬂa *eﬂa

1 ¢ﬁa

an f(f)ga 1

Gyroscope output,

tr

/2 .2
€32+ C33

2(q2q4 + q1G3)
2(q3q4 — q1G2)
dA-G-a+a

213—(A®X)

A&b(tkfl)b(tk) :l wf’b(t)dt

k—1

b(t
CE&:11)=:1-(A9bak,nbuk)X)

Cotety Y =T+ (8Out, o X )
The update of ¢f,
n(k—1 n(k—1 b(k—1
qb((k) ) = qb((k—l)) * qb§k> )

n(k)

n(k) n(k—1)

oy = Gn(k—1)* (k)

n(k
= q:f((k)—n*(

b(k—1)
qb§k) =

n(k—1)

cosl|0.5¢k]|

5% _gin|0.5¢||

0.5l

b(k—l))

y(k—1) * u(k)

: 1 1
¢ =~ w?b+5¢ Xw?b+ﬁ¢x (¢ x wh)

Q

where

Accordingly,

m:[

1
NGy + EAekil X AOy,

Q

k—1

wh, + %AG(t) x wh,

t
= / why(t)dt
th—1

ti

[wibb(t) +%A9(t> X wf’b dt

(68)

(71)

(72)
(73)

(74)

(75)

(76)
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Also we have

(k) cos||0.5¢k ||
An(k—1) — 0.5Ck -
(k—1) A sin|0.5Ck ||
To calculate (i, recompute gy, at tj_1 /2,
e(k—1)\—1 e(k
456 = (qn((k—l))) * q’n((k))
e(k—1/2 e(k—1
qn((k—l//Q)) = qn((k—l))* qo.560

Axis-angle representation in terms of quaternion,

@ = (¢ ¢ g qu)
_18in]|0.5¢| WEHE+d
0.5 = tan 1%:‘58&1 1V 427 487 44
0561 o050 7
_ sinf0.5¢]
e il
ol
sin||0.56 ||
— 0.5+ 200000
10.5¢|
_ 1 H0-5¢||2+H0-5¢||4, 10.5¢]|°
2 3! 51 7!

1
¢ = (¢ g q@)"
f
when ¢; =0,

¢ = m(q g3 qu )"

3. ADVANCED INS

3.1. IMU Data Format

3.1.1. Coordinate frames

Body frame (b-frame)
Practical inertial frame (i-frame)
Earth fixed frame (ECEF, e-frame)
Local level frame (LLF, n-frame)

3.1.2. Measurements

Av = /tk fo(t)dt
t

3.1.3. Parameters to resolve

3.2. Velocity Update

3.2.1. First time-derivative of a vector in a reference frame

dr dr

E E + Wap XT

b

a

+ ...

(90)

(91)
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3.2.2. Second time-derivative of a vector in a reference frame

d_2r = i ﬁ + Wep X T
atz|, — de| \dt|, "
_d dr dwap dr
T a(dt b)+ at |, T
— (2 (dr +w xﬁ +dw“b X T+ Wap X dr + Wap X T
= \a|, \at|,) " A, ) at |, @\ |,
d?r dr dwg
= W})—}—Zwabxﬂb—i— dtb X 17+ Wap X (Wap X T) (92)
the 2nd time-derivative of any vector in a reference frame A can be calculated as
& _ & +dwab X7+ wWap X (Wap X T) + 2w xﬁ
aiz|, — de2|, " dt ab 7 \ab @7,
2
relative: ﬂ
dt?|,
tangential: dzluzb ) X T
centripetal: Wab X (Wap X 1)
Coriolis: 2Wap X % .
Coriolis Wiki
Dynamics book: 7.4.4
3.2.3. Velocity update
velocity equation in e frame
d?r d?r dwie dr
2| = 2= , , QWi X =
a7 dth—i— n Zl><7“—i-ww><(wwxr)—i— wwxdte
dve
f+g = 71 40+ wie X (Wie X T) + 2wWie X Ve
dve
= [+ (9 —wie X (Wie XT)) — 2Wie X Ve
dt |,
dve
—| = f+a—2wieXve (93)
dt |,
velocity equation in n frame
dv dv
qt|, = ar], teenxve
dve
J+ 91— 2wiexve = dt + Wen X Ve
dve
= f + g1 — (2wie +wen) X Ve (94)
dt |,
3.3. Attitude Update
3.3.1. Special Orthogonal Matrices
SO(n) = {CeR™"CTC=0CCT=1,detC =1} (95)


https://en.wikipedia.org/wiki/Coriolis_force
https://en.wikipedia.org/wiki/Coriolis_force
https://en.wikipedia.org/wiki/Coriolis_force
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3.3.2. Angular velocity and orthogonal basis vectors

db;
dt

a

db,
dt

db,
dt

using scalar triple product equation

we have

we also have

therefore

Wab

(w,

ab
b, db.
rn a'bz)b” (W
db,
4] e

db,
dt |,

0+ wWep X by

Wab X bg;

by
dt |,

Wab X by

db.
dt |,

Wab X bz

a-(bxe)=(axb)-c

dby
|,
db,

|, b
db,
a0
dby

dt a'bz
dby
at|,
db,
rai

= (wab X bz) . by

= Wab" (bx X by)

= Wab" bz

= Wab" b:v

= Wgb* by

= (wab X bz) . bz

= Wgab" (bz X bz)

db
dt

—Wab by

—Wap - b

—Wap - by

by by + (Wab - by)by + (Wap - b )b

db,
) . bx)by + (W

A

+ Wap X by

—+ Wap X by

+ wab X bz

by
dt

-by)bz

(96)

(100)

(101)

(102)

(103)

(104)

(105)

(106)
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3.3.3. Rotation matrices and angular velocity

Cy = Cyz Cyy Cy. (107)
sz Czy sz
By definition,
T
bx Cx:v ny sz Ay
by | = Cyz Cyy Cyz ay (108)
bz sz Czy sz ay

the angular velocity wgp in terms of Cj; is

([ db, db. db,
Wab = <_a bz)bm+<dt . bm>by+< dt

- K by>bz
= (Cyp:Chry + CyoCyy + CoiCo)by + (CnCirs + CuClyr + CotCrr)by + (CiyCroz + CyyClp +
CyCru)bs (109)

] Yo (] Y (]
e C RO C R R R
CopCly)bs (110)
because
dby . . )
dt ' bx = Ca:xca:w + nycyx + szCza: (111)
dby
7t a~bz = (Wab X bz) - by
= Wab" (bx X bx)
=0 (112)
thus
Cwycﬂ-vy + nyc'-yy + Czyc:zy =0 (114)
the end result is
0 —w. wy
Wab X = Wy 0 —wy

Cow Cyo Cop \[ Crz Cry Ch:

Coz Cye Coz J\ Ly Cy Ca
wap X = (C§)TCY (117)
@)=t = @r (118)
warx = (C§)~'Cy (119)

Cf = Ciwap x)

Dynamics book: 9.4.1
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3.3.4. Poisson’s kinematical differential equations

C¢ = Cfwap X ) (120)

3.3.5. Axis-angle representation

C = Colwmx) (121)

3.3.6. Rodrigues’ rotation formula

b = acos(p)+ (e xa)sin(u)+ (1—-cos(u))(e-a)e (122)
Proof.
b = cos(y)e+sin(y)
because
b1 = cos(p)aq + sin(p)as
then

b = cos(v)e+cos(p)sin(vy)ar+sin(p)sin(y)as
we also have
a = cos(y)e+sin(y)ay

exa = sin(y)az

e-a=a-e = cos(v)
substitute them back,

b = cos(y)e+cos(p)sin(y)ar+ sin(u)sin(y)as

= cos(y)e+cos(u)(a—cos(y)e)+ sin(u)(e x a)
Ja+ (1 —cos(u))cos(y)e+ sin(u)(e x a)

= acos(pu)+ (e xa)sin(u)+ (1 —cos(u))(e-a)e

= cos(u
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3.3.7. Angular velocity in terms of ué
de . de
wap = sin(p)—| + pe+ (cos(p)—1)e x —
“ dt|, dt|,
. de . de
= szn(u)ﬂ a+ue+(cos(u)fl)e><% ) (123)
Proof.
Wab = Waa T Wap+ Wss
= —Joo+ fre+ B2
using rotation matrix substitute
ay = sin(p)pfi+cos(p)Bz
and rearranging, yields
wap = —jo2+ fre+ P2
= —J(sin(p)Bi+cos(u)B2) + fie + 52
= —sin(p)yP1+ pe+ (1 —cos(p))¥582
because
de de’
—| = —5| +wesXe
dt|, dt|g
= 0+(—B2) xe
= =
de .
exmb = ex(=7p)
= =B
Similarly we get
ey = e
Yo at|,
—Jog = ex de
e
then
. de . de
wap = sin(p)=—| + pre+ (cos(pn) —1)e X —
dt|, dt|,
de . de
= 3 — —_ 1 —
sin(p) o a+ue+(608(u) Jex — )
|

Example 4. Simple angular velocity, which means é is fixed in both A and B,

then

de
@), ="
de
at, = °

Wab = fl€
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3.3.8. Kinematical differential equations for pé

Reference: Advanced Dynamics 9.5.2

e-e =1
de ld(e-e)
dt 2 dt
=0
e X %-e 0
because a x (bxc) = b(a-c)—c(a-b) , then
ex(exZl) = ¢ e-E —E(e )
dt ) dt ) dt
de
= e(0)- %)
_de
dt
Vector equations can be written in matrix form as
de de
e = si °oc. e -1 oc,
Wab - € szn(u)dt e b—i—ue e+ (cos(p) —1)e x 77 ¢ )
= i
de
Wab — fle \ _ sin(p) cos(p)—1 dt [y (124)
€ X Wap 1—cos(p) sin(p) de
eXZl,
. . . wy _ 1—cos(p)
Solving these two equations using tan(g) = i
de 1( cos(%) .
def _ 1[eoNG) o) +e xws 125
i, 2<sm(g)(‘”’ o)+ e 12

3.3.9. Unit quaternion/axis-angle representation

Define

q3

~—

COS(%
do )
a1 e181n

~—

q2 €951M
q3

e3sin

—~~ —~
T T s
SN—

~—

€1
¢ = p| e
€3

Kinematical differential equations for pé indicates,

sin(§)ar

oo B +in( )

b
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By definition,
5)
qo 003(2
o = L8
fgsin(%)(wab'e)
2wab'QT
qr sin(%)e
dqy . u)de 1 (u)
dt |, 5”’(2 i), a0z )re
%(cos(%)wab+ sin(%)e X wab>
1
E(qowab +gr X wab)
Go = __(Wab'QT)
q0
= 0 —wy —wy —w,) a
q2
qs
da, 1
dqt, = §(qowab+q'rxwab)
b
1
= §(qowab*(wabx)%")
1 Wy 0 —w, wy Q1
= 5| | Wy | w: 0 —wy q2
Wy —Wy W 0 q3
1 we 0 Wy —Wwy do
_— = _ 0 q1
=5 Wy —Wy We pa
w, wy —wy 0 0
do 0 —we —wy —w: o
@ | L e 0w oy g ; (126)
go 2] wy —w., 0 Wy q2
q'3 Wy Wy —Wg 0 q3

3.4. Tensor Analysis

3.4.1. Rodrigues’ rotation formula in dyadic form

The vector form:

b:

acos(p)+ (e xa)sin(u)+ (1 —cos(u))(e-a)e
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The dyadic form:

where

R = Icos(p)+sin(p)Q+(1—cos(u))ww
Q = walkj— jk) +wy(ik — ki) +w.(ji —ij)

The effect of 2 on a is the cross product

Ay b
Since ( ay ): C’{,‘( by ), then (a. ay a. )=(bs b, b. )Cl. The rotation of dyadics is
b

az z

DCEI Dmy DIZ a/fE
Q = (az ay a;)| Dyz Dy, Dy, ay
DZI Dzy DZZ a/Z
= (by b, b,)C| Dys Dy, D,. [C8| b,
DZ"E Dzy DZZ bZ

thus
Qb = Cctecy
Dyadic Wiki

3.4.2. Pauli matrices

A set of three 2 x 2 Hermitian and unitary complex matrices.
o= (1)
w=(17)

0 = < (1) —01 )

3.4.3. Quaternion group

H = {&1,+i,+j,+k}
= {1, +ils, +iby, +i6)}

()
(6 %)
- (%)
- (44)

s o

(127)

(128)
(129)

(130)


https://en.wikipedia.org/wiki/Dyadics
https://en.wikipedia.org/wiki/Dyadics
https://en.wikipedia.org/wiki/Dyadics
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then
P=j2=kK> = -1
1] Jji = k
jk=—-k3 = 1
ki=—ik J
3.5.

5

Figure 1. Rotations about two intersecting axes

DEFINITION. The angle between two intersecting lines, B and C, may be represented by [3]

-

A
1l0)qA(l,lo)a where QA(Z,ZO) :# (131)

Aq o =(1
(-1 = (T x sin(A(—i,))

A(i—15) 18 the radian measure of the angle from [ to ly.

3.5.1. Arbitrary rotations about any two intersecting axes

Lines m and n bisect the respective angles Aand B. Thus

= 2A'(m—lo)
= 2B(,-n)

o >y

The rotation QA'(m,lO) is equivalent to two successive 180° rotations about m and ly; similarly,
2B(;,—n) is equivalent to two successive 180° rotations about lpandn. Since the two intermediate
rotations about [y cancel, the result is equivalent to two successive 180° rotations about m andn,

which is represented by Q/_l’(m,n). It has been shown that

B = 2
= 2(A@m-10)(+)Bio—n))

—

_ 2<§<+>§> (152)
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(132) expresses the definition of the operation # in terms of the previously defined operation (+).
It also proves that two successive rotations about intersecting axes is itself a rotation, which is a
theorem of Euler. (+) is defined as follows

Asmote(+)Bigon=Crmon (133)
Both of (4) and # satisfy the associativity
AH)IBH)C] = [A(+)B](+)C
A#[B#C] = [A#B#C

If Aand B are parallel vectors, which means the angles are on the same plane, it’s true that

B (134)

3.5.2. Derivatives of operation in (4)

Let A't denote the rotation vector at time ¢, and AH a¢ the vector at time ¢t + At, then the derivative
is given by

dA .
= e

For operator (4), the derivatives are

DRA s 1 -
pr = dm (= A)(+) Arso0)

_dA A 1 dA L[, cos(4))\x 7\
- Eﬂ?f(;ﬁ)*ﬁ(l m )AX<AXE>
DA

1 df A d
~ 2cos(A) {E(q_A) 124 E( qa ) }
Dt At—0 AL

= lim _(At-‘rAt(—")(_A't))
Cdd A (1 1 (et (5,04
= = qAX<qut>+A2<1 ” )Ax(Ax dt)

- samiala) (2}

|D>1

Inversely we have
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It can be further proved that

DgpA DLA

T2 | = o
DLA DrA

Ten| o | = i

Thus we can define a third type of derivative, which is symmetric in form.
1 d A
~ 2cos(A) {TA[E<qj>

DsA _ dA | 1 1\7 (7 dA
Dt —E+ﬁ<1 a)“(“%)

ai D5A+1—qAA'X<A'XDsA>

DLA
Dt

DgA DrA
DsA_p. [—

It follows that

dt Dt A?

3.5.3. Derivatives of operation in (#)

Similarly for operator #, we have

DEA 1 -\
Di = Amyap (2 A)# Ao

_ oDr( 4
 "Dt\ 2

dA  1—cos(A)[ 7 dA L, 1Y% - dA

1 d A d A
= = + Ty —
Cos(é){dt 2qa dt 2q§ }

DiA 1 -
D = Jm mp(Aeat(-41)

_ oD A
 "Dt\ 2

_ dA'_l—COS(A) - dA L, 1\yz Y\
= a2 (AXW>+F<1 q_A)AX<AXE>

Inversely we have

dA _ DpA 1z DpA\, 1(.  Asin(4) \;_ ([ z. DpA
it ~ Dt 2<Ax Dt>+ 2<1 30 —cos(A)) SN\ A Di

+i2<1 f—Q(ASin(A) )A’ x (21’ x DM) (135)

_ DiA 1{ + DA
W+§<AX
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Thses relations show clearly that

DA DiA
T\ | = i
T DiA|  DpA
W ™Dr | T Dt

Thus we can define the symmetric derivative as

DiA
Dt

DA
Dt

DA _,
2

Dt~ (%) %)

Te(D) | @8\ 20z ) | TR 0 20

It follows that

3.5.4. Angular velocities of spaces

Let S, denote a reference space, S1and Se denote two spaces in a state of motion with respect to
Sr. The rotation carrying .S, into S is A1, which satisfies

(A’Z{rl)t#(ajrldt) - (A’Z(rl)t+dt: (grl)t#(Dﬁgrl)

. DiA . DipA . DipA
b1 = (—%;1) , wr2=<—%t’”2> , w12=<—%t12>
T r 1

For inertial reference space S,., the rotation from S; to Ss is constant in time

—

(Au)r(t-&-dt) - (Au)r

For space S1, we have

— —

(A12)1(t+dt) :T(D,*?,A’,.l)[(AU)J (136)

By definition, the time variance can be calculated in both S, and S; as follows.

—

(A12)t+dt = (A12)T(t+dt)#(DﬁA12)T= (A12)1(t+dt)#(Df%A12)1 (137)
It should be noted that the subscript 12 here means rotating spaces, instead of rotating lines.

(A'“)t—i-dt#(
(

N

12)t+dt = ArQ)t-s—dt

(

12)t+dt = (*/_fn t+dt#(AT2)t+dt
(
(

h ]

(o) (D) ) (Ar) (D),
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From (137) and (136) we have

(Dﬁgw)l = As) 1(t+dt) #(A’lz)ﬂrdt

The following expression is thus obtained
D;:?/A'IQ — D§Ar2 _ D;:?/A"rl
Dt . Dt Dt
T T

W12 = Wr2 — Wr1

In other words,

Wr2 = Wr1+Wwi2

3.6. Bortz Equation
3.6.1. Numerical approximation

Example. The attitude update equation for inertial navigation algorithm is

k n(k k-1 k-1
qb((k)) = qn((k)—l) (qb((k 1)) * qbék) )) (138)
in (138) the last term is
cos||0.5 ||
b(k—1) _
q = 0.5 (139)
b(k) & 5:;%”8111”0 56|

use Bortz equation to calculate ¢,

- 1 1 ¢ llsin(ll¢]l)
= wh+zopxwh+ (1 X (¢ x wh 140
¢ = wht gt TS cos(loly )¢ (929 (140)
since tan(g) =100 Simplify (140) into
. ¢ cos( 121
b = whtioxwht | 1- () 6 x (¢ x ) (141)
2 T3] 2Sm(n u)
use Taylor expanation at =0,
lgll
L[ Beleos(MEH) )y e e
- = <+ + +O0(|[¢]°) (142)
6] QSm(wn) 127720 ' 30240

under small angle approximation, (140) turns into

. 1 1
¢ =~ Wibb+§¢xwibb+ﬁ¢x(¢xwibb) (143)
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further approximation produces

¢ Wibb‘f'(%(bxwibb"'%(bx((bxwibb))
1

Q

~ wibb + §A9 X wibb (144)

integrate (143) from ¢x to tg41,

te tr 1
pdt / <wibb +500 % wibb)dt
t

th—1 k—1

Q

23 1 tk
¢k ~ / wibbdt +§/ (Ae X wibb)dt
t t

k—1 k—1

tk
= A0k+%/ (A0 x why)dt (145)
te—1

assuming linear variation of w}, between tj,_o~ t,
wh ~ a+2b(t—t,_1) (146)

also by definition

t
NGO = / wf’bdt
tk—1

a(t 715]671) +b((t 715]@,1)2 - (tk,1 715]@,1)2)
= a(t—tp_1)+b(t —tp_1)* (147)

Q

use measurements Af_1and Af to calculate the coefficients a and b,

tk
AO = / whdt
t

_ /tk (a+ 2b(t — ty_1))dt
= alty —te—1) +b((te —tr—1)* = (te—1 — tr—1)?)
= Ata+(at)?b (148)

te—1
ABy_4 :/ whdt
te—2

th—1

_ / (a+2b(t — t_1))dt
= altp—1—th—2) +0((th—1—tp—1)* = (th—2—tr—1)?)
= Ata—(At)?b (149)

aand b are solved to be

. AOy+ A0k 1

@ = = (150)
B NO — AOL 1

b= (151)

which means

wh A~ a+2b(t —ty_1)
NGOy + AOp 1 NGy — AOy 1
2At (At)?

(t—tr_1) (152)
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by definition

t
Al = / whdt
te—1

alt —te—1) +b(t —tx_1)?

Q

A xwh = (a(t—tp_1)+b(t —tr_1)%) x (a+2b(t —tp_1))
(t—tr—1)(axa)+2(axb)(t—tp—1)?+(bxa)({t—tr—1)2+2(bxb)(t —tp_1)>
= 2axb)(t—tr_1)2+(bxa)t —tx_1)?

23
/ (80 x why)dt =
t

k—1

(a x b)(t, — tk_1)3+%(b % a)(tp =t 1)?

(a x b)(at)? +%(b x a)(nt)?
2(at)3 A0k + A1 AOk — A1 (At)3 (A — A0k
3 ( oar ) 8 ( a0 ) T3 ( 0T ) 8

A+ AO 1
2Nt

N W W

1
(Aek + Aek_l) X (Aek — Agk_l) +ﬁ(A6k — Aek_l) X (Aek + Aek_l)

(MO x A0 — A X AOg_1 + AOk_1 X AOp — ABp_1 X ABp_1) +

%(A@k X A+ MO X MO _1 — A1 X A0 — NOp 1 X A&k,l)

= %(7A9k X AOp_1+ AOp_1 X Aek) +1—12(A9k X AOp_1— AOp_1 % A@k)
1 1
= —EAek X AOy_1 +EA9]€_1 X NGy,
because for vectors, a X b= —b X a, then
b 1 1
/ (A9 X wibb)dt = —ﬁAgk X AOy_1 +EA6k_1 X AGy,
the—1
= éAﬂk,l X NGy (153)

according to (145),

23
oL =~ AHH—%A (A0 x W)dt

k—1

1/1
~ A9k+§<6A9k1 X A9k>

- AHk—i—%AGk_l X 76, (154)

3.6.2. Coning motion

DEFINITION. Coning motion is defined as the condition whereby an angular rate vector is itself
rotating. For W%, exhibiting pure coning motion (magnitude being constant but the vetor rotating), a
fized azis in the B frame that is approzimately perpendicular to the plane of the rotating w5, vector
will generate a conical surface as the angular rate motion ensues [6].

Example 5. Integrate (140) for the case of the classical coning motion [2] where
Owccos(wet)
w(t) = | —bwsin(wet) (155)
0
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The theoretically predicted value for ¢ is

Osin(w,t)
6 = do+| Olcos(wet)—1) (156)
%6‘2th
where ¢ is the initial condition. Specifically, if § = 1073 radians, w, = 207 rad /sec, the result of
6.(10) is
1

$-(10) =5 X (1073)2 x 207 x 10=10"*r radians

(157)
Example 6. Given the time history of the orientation of a rigid body [1], what was the angular
velocity that generated that specified time history? For example, suppose the time history
0 sin(w,t)
¢ = | 6Ocos(wet)
0

(158)

0
is given. Particularly here ¢g= ¢(t=0)= ( 0 ), this is the classical coning motion where ||¢ || =0.
0
using the equation in [2]

; 1—cos(lof) , . 5, 1 ( Sin(|¢|)) j
w = ¢———C8Uel) y gy 1 b x (X d 159
ol TP\~ Tl ) 109 1)
it gives
wel cos(wet) 0 . —w0? cos(wet)
w = —wl sin(wet) |- 1_2—025@ 0 + %(1 — #) weB? sin(wet)
0 —wb? 0
wel cos(wet) 0 —we cos(wet)
= | —wdsin(w) 0 + (0 —sin(9))| wesin(wet)
0 —we(1—cos(h)) 0
wesin(0) cos(wet)
= | —we.sin(f) sin(wt) (160)
we (1 —cos(6))
where w, is called the coning frequency.
APPENDIX
Trigonometric functions
Trigonometric functions differentiation
d, . d .
%(sm(:r)) = cos(z), %(cos(x)) = —sin(x)
—(tan(x)) = L sec?(z), ——(cot(x)) 1 = —csc?(z)
d cos?(x) " d sin?(x)
i(sec(ac)) . G tan(z)sec(x), ——(csc(x)) _cos(z) —cot(z)csc(x)
dx cos?(x) " d sin2(x)
New proof of Bortz equation
QUESTION. Derive Bortz equation [1]
Bdg _a=-B 1o a-p 1 psin(p) 2 2 A =B
& T T +F 1_2(1—005(@)) Px(§x7a7)
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from the standard form of simple rotation dynamics in Chapter 9.1 [/]

Bax | v - Bdx
A-B :
@” = sin(h) T + 00X+ (cos(0) — 1)\ x T

Ay . L AgY
= sin(@)% + 60X+ (cos(0) — 1) x %

Proof.

By . . Bgy
4GB sin(@)% + 00X+ (cos(0) — 1)\ x % (161)

Ay L 5 Ay
= sin(0) -2 4+ 63+ (cos(6) — X x -2 (162)

change varible ¢ =0, define p= @X, and then
Pax _ (1,
a  dt\g ¥
_ ".E l +lﬁ(")
R © o dt 14

. = 1 Bd_,
A =

plug X:% and (163) into the (161),

~ 9@ 18ag\ (& (e _ 9@ 17dp
Sln(@( ©? +<p dt )w(w +(cos() 1) 0) T +sﬂ dt
)

(1- 22 )28, D) M8 4 (con() 1) (B x D)+ H(x 2 )) (10

A(D*B

use

Bx@ = (pX)x(pN)

= ¢*(AxX)

=0 (165)
3-8 = (2N ()

= P*(X-)

= ¢ (166)
B . B o

B —(3) = (oX) 7o (X)

= $p (167)

simplify (164) into

sin() )Wv sin(y) Bdg | cos(p) — 1 ( L B3 )
= \1- ot + X 168
< ¥ 2] © dt o2 ¢ ( )
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left cross multiply (168) by @,

- - sin b(p x @)  sin L Bdp cos(p)—1 L Bdg
ZxAGE — (1 4;(790)>80( : ), ;¢)<@x dtso>+ (:;) ¢X<¢X dtcp)
. B B =
(o s s ) i,
_sin(p) (L Pdp\ , cos(g)—1. (. Pdp
== (gpx rrll s v ex|ex— (169)
employ identity a x b x c=b(a-c) —c(a-b),
o L Bdg L Bdg
‘px<@x a )T TP @ Y
o (Pdg, . o . Pdp
= < (P <P)<P<<P'T
Bdg—é
_ _ 2__ - =
= (‘P dt ppe
B =
= —¢? jfﬂpsbsﬁ (170)

we can simplify (169) into

. - sin L Bap cos(p) —1 Bdg -
BxAGE — w)(wx 42, (P) =10 L

¥ ¥
_ sin(yp) (5, Pd@ i \Pd@ | (cos(p) — 1)o@
== <<p>< T + (1 —cos(p)) ETas - (171)
left cross multiply (171) by @,
A _ ) S (5 P2 L BB\ (eos(o) D
px (@x4a) = B g (5% 2+ (1-cos() px 2 ) + D=V (5 p)
_osin(p)( Pd@ _ 5. DdB Y | (cos(p) —1)¢
= SO )4 (- cost) 7 x 2 ) + =Dy
. Bdg L Bdg . -
— —psin() -+ (1 ~cos() F X ) +in() 7 (72)

further it can be obtained

L(l__Q( esin() )))W@X%B) _Sin(w)<1 - psin() )Bd@ . (1—008(90) _

2 2

® 1—cos(p ® 1—cos(p)) ) dt ®
sin(y) \ . _ Bdg sin(p) sin?(¢p) -
2¢ T 2 2p(1 —cos(¢)) s
_ ( _sin(p) n 1+ cos(p) \Pdp n L—cos(p)
N © 2 dt 2
sin(p) \ . _ Bdp sin(p)  1+4cos(p) \ PP
o )(p X + " 5 " (173)

according to (168) and (171),

T sin(¢) . 1—cos(p)\ Bdg cos(p)—1  sin(p)\ o _ Bdp
A=B | Lo A=B _ _
W +2g0>< w ( - + 5 It + 02 + 25 P X It +11
sin(yp) | cos(p)—1 ><p_<,25
2 2 2
([ sin(yp) 1—cos(y)\ Bdp cos(p) —1 sin(p) ) - Bdg
B ( © + 2 &t 2 + 2¢ “x "
(Cos(go)—i—l _ sin(p) )go__’ (174)
2 ¢ )y
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essentially the addition of (173) and (174) produces
A5 42 waB+%<12(f’ﬁg—(%>¢x(¢ WAGE) — B(‘ff (175)
0
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